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Introduction
The Mahler measure of a polynomial P (z) = a 0 z n + . . . + a n = a 0 n j=1 (z − α j ) ∈ C[X], a 0 = 0, as defined by D. H. Lehmer [L] in 1933, is
max(1, |α j |).
In 1962, K. Mahler [M] gave the following definition M(P ) = exp 1 0 log |P (e 2πit )|dt , which is equivalent to Lehmer's definition by Jensen's formula [J] 1 0 log |e 2πit − α|dt = log max(1, |α|).
If α is an algebraic integer, then the Mahler measure of α, denoted by M(α), is the Mahler measure of its minimal polynomial P in Z Z [z] . The absolute Mahler measure of α is defined by Ω(α) = M(α) 1/ deg(α) .
If α is an algebraic integer and M(α) = 1, then a classical theorem of Kronecker [K] tells us that α is a root of unity. It suggests the question: inf
α not a root of unity M(α) > 1 ? It is known as the Lehmer's problem and it is still open. Another formulation can be given as follows. Does there exist an absolute constant c > 0 such that: if M(α) > 1 then M(α) > 1 + c ? The smallest known value is due to Lehmer himself and is M(P ) = 1.176280 . . . where P (z) = z 10 + z 9 − z 7 − z 6 − z 5 − z 4 − z 3 + z + 1.
In this paper, we are interested in totally positive algebraic integers α, i.e., algebraic integers all of whose conjugates are positive real numbers. Let L be the set of the quantities Ω(α) where α is a totally positive algebraic integer. In 1973, A. Schinzel [Sc] showed that all totally positive algebraic integers α, different from 0 and 1, satisfy Ω(α) ≥ 1 + √ 5 2 and the equality holds if α is a root of the polynomial x 2 − 3x + 1. It means that 1 + √ 5 2 is the smallest element of the spectrum of the absolute Mahler measure of totally positive algebraic integers. In 1981, C. Smyth [Sm1] showed that, if α is a totally positive algebraic integer, then, with a finite set of exceptions, Ω(α) ≥ 1.717177 . . .. His result uses the method of explicit auxiliary functions with heuristic search of polynomials and allows him to find the three following points of L. He also showed that L is dense in [1.727305 . . . , ∞). In 1994, with the same method and thanks to numerical improvements, we obtained [F1] that, if α is a positive algebraic integer, then, with a finite set of exceptions, Ω(α) ≥ 1.720678 . . .. This lower bound gives the two following points of the spectrum. Our recursive algorithm, developed in [F2] from Wu's algorithm [Wu] substitutes the heuristic search with a systematic search by induction of suitable polynomials used in the auxiliary functions. We prove the following Theorem 1. If α is a nonzero totally positive algebraic integer whose minimal polynomial is different from x−1, x 2 −3x+1, x 4 −7x 3 +13x 2 −7x+1, x 6 −11x 5 +41x 4 −63x 3 +41x 2 −11x+1, x 8 − 15x 7 + 83x 6 − 220x 5 + 303x 4 − 220x 3 + 83x 2 − 15x + 1, x 8 − 15x 7 + 84x 6 − 225x 5 + 311x 4 − 225x 3 + 84x 2 − 15x + 1 and x 16 − 31x 15 + 413x 14 − 3141x 13 + 15261x 12 − 50187x 11 + 115410x 10 − 189036x 9 + 222621x 8 − 189036x 7 + 115410x 6 − 50187x 5 + 15261x 4 − 3141x 3 + 413x 2 − 31x + 1, then we have
This constant improves those of Q. Mu and Q. Wu [MW] (2013) and is the best constant to our knowledge.
The polynomials involved in this result are read from Table 1 .
We conjecture that the following point of the spectrum has the minimal polynomial x 6 − 12x 5 + 44x 4 − 67x 3 + 44x 2 − 12x + 1 and the Mahler measure 1.722325.
Our works on the Mahler measure lead us naturally to be interested in a new height of polynomials introduced by I. Pritsker [P] in 2008. He replaced the normalized arc length measure on the unit circumference by the normalized areal measure on the unit disk D and so, for P ∈ C[z], defined:
This height is the natural areal analog of the Mahler measure and we call it the Pritsker measure.
He showed that
From this identity, he obtained immediately the following inequalities:
Moreover, he proved that an irreducible polynomial P (z) ∈ Z Z[z] with P (0) = 0 is cyclotomic if and only if ||P || 0 = 1. This result is a direct analog of Kronecker's theorem for the Mahler measure and suggests the question: does there exist an absolute constant c > 0 such that, if ||P || 0 > 1, then ||P || 0 > 1+c? The answer to this question is negative. Consider the polynomials P n (z) = nz n − 1. Pritsker showed that ||P n || 0 → 1 as n → ∞.
Pritsker's works inspired firstly S. Choi and C. Samuels [CS] . In 2012, they improved two inequalities in the case of polynomials with "small" Pritsker measure. Secondly, in 2013, H.
Huang [H] defined, among others, a Fock-space analog of the Mahler measure for which he gives an equivalent version of Lehmer's conjecture.
If α is an algebraic integer, then the Pritsker measure of α, denoted by ||α|| 0 , is the Pritsker measure of its minimal polynomial. The absolute Pritsker measure of α is defined by N 0 (α) = ||α||
In this paper, we study the set of the quantities N 0 (α) where α is a totally positive algebraic integer. We prove the following Theorem 2. If α is a totally algebraic integer whose minimal polynomial is different from x, x − 1, x 2 − 3x + 1, x 3 − 6x 2 + 5x − 1, x 4 − 7x 3 + 13x 2 − 7x + 1 and x 5 − 11x 4 + 29x 3 − 26x 2 + 9x − 1, then we have:
From this results derive the four smallest points of the spectrum:
We conjecture that the following point has minimal polynomial x 5 − 13x 4 + 32x 3 − 27x 2 + 9x − 1 and absolute Pritsker measure 1.3816081. . ..
After studying these two measures separately, it is natural to compare them. We prove the following inequalities:
Theorem 3. If α is a totally positive algebraic integer of degree d whose minimal polynomial is different from x, x − 1, x − 2, 2x − 1, x 2 − 3x + 1, x 2 − 5x + 5, x 3 − 8x 2 + 6x − 1, x 3 − 6x 2 + 5x − 1 and x 3 − 5x 2 + 6x − 1, then we have:
In Section 2, we explain the method of explicit auxiliary functions. We link them with a generalization of the classical integer transfinite diameter. Then we detail how our recursive algorithm enables us to get the constant of Theorem 1 for the Mahler measure. Section 3 deals with the Pritsker measure. In Section 4, we only give the auxiliary functions involved in the above inequalities. For the rest of the proof, we proceed as for those of Theorem 1. Finally, we give some numerical examples where our inequalities are better than Pritsker's ones. All the computations are done on a MacBookPro with the languages Pari and Pascal.
2 The Mahler measure of totally positive algebraic integers
The explicit auxiliary function
Let α be a totally positive algebraic integer, α = α 1 ,..., α d be its conjugates and P its minimal polynomial.
The auxiliary function involved in Theorem 1 has the following type:
where the c j are positive real numbers and the polynomials Q j are non zero polynomials in Z Z[x].
Then we have
We assume that P does not divide any Q j , then
is a nonzero integer because it is the resultant of P and Q j .
Therefore, if α is not a root of Q j , we have
It is possible to reduce the domain of study of the function f . If we consider the function
, we get a minimum greater or equal to that given by f . But g is invariant under the application x → 1/x so it is sufficient to study g on (0,1). Thus, without loss of generality, we can limit our study to auxiliary functions invariant under this transformation. This implies that we can take for Q j reciprocal polynomials, i.e.,
We denote deg(Q j ) = 2d j for 1 ≤ j ≤ J.
On (0,1), the auxiliary function f can be written
Thus, if we put y = x + 1 x − 2 and x = (2 + y − y 2 + 4y)/2, f (x) becomes
where deg(U j ) = d j . Moreover, we impose the condition 1≤j≤J c j deg(U j ) < 1 2 in order that the supremum of the function g to be finite.
The main problem is to find a good list of polynomials Q j which gives a value of m as large as possible. Thus, we link the auxiliary function with a generalization of the integer transfinite diameter in order to find the polynomials with our recursive algorithm.
Auxiliary functions and integer transfinite diameter
In this section, we shall need the following definition: Let K be a compact subset of C.
If ϕ is a positive function defined on K, the ϕ-generalized integer transfinite diameter of K is defined as
This weighted version of the integer transfinite diameter was introduced by F. Amoroso [A] and is an important tool in the study of rational approximations of logarithms of rational numbers. Inside the auxiliary function (1), we replace the numbers c j by rational numbers a j /q where q is a common denominator of the c j for 1 ≤ j ≤ J. Then we can write:
where
c j deg U j is a positive rational number < 1/2. We want to get a function whose minimum m is as large as possible. Thus we search a polynomial
If we suppose that t < 1/2 is fixed, it is clear that we need an effective upper bound for the quantity
where we use the weight ϕ(x) = x 1/2 .
Even if we replace the compact subset K by the infinite interval (0, ∞), the weight ϕ ensures that the quantity t Z,ϕ ((0, ∞)) is finite.
Construction of the auxiliary function
The improvement compared with Wu's algorithm is that our polynomials are obtained by induction. Suppose that we have Q 1 , Q 2 , ..., Q J . Then we use the semi-infinite linear programming (introduced into number theory by C. Smyth [Sm2] ) to optimize f for this set of polynomials (i.e., to get the greatest possible m). We obtain the numbers c 1 , c 2 , ..., c J and f in the form (2) with
For several value of k, we search a polynomial R(y) = is as small as possible.
We apply LLL to the linear forms
where x i are control points uniformly distributed in the interval (0,1) and y i = x i + 1/x i − 2, including the points where f has its least local minima. We get a polynomial R whose factors R j are good candidates to enlarge the set of polynomials (Q 1 , Q 2 , ...,Q J ). We only keep the polynomials R j which have a nonzero coefficient c j in the new optimized auxiliary function f . After optimization, some previous polynomials Q j may have a zero coefficient c j and so are removed.
In order to get the constant of Theorem 1, we take k from 8 to 20 successively.
The Pritsker measure of totally positive algebraic integers
The auxiliary function involved in Theorem 2 is of the following type:
where the c j are positive real numbers and the polynomials Q j are non zero polynomials in
Thus, for several values of k, we seek a polynomial
is as small as possible.
where the x i are control points uniformly distributed in the interval (0,70).
Then, we proceed as described in Section 1.
To obtain the constant of Theorem 2, we take k from 4 to 35.
Comparison of the two measures
The auxiliary function used for the lower bound of Theorem 3 is of the following type:
where the c j are positive real numbers and the polynomials Q j are non zero polynomials in Z Z [x] .
The auxiliary function used for the upper bound of Theorem 3 is of the following type:
In our recursive algorithm, we take k from 4 to 10 only in order to have a small number of exceptions in the inequalities.
We consider the totally positive algebraic integers that appeared in the proof of Theorem 1.
For each of them, we compute the bounds obtained by I. Pritsker and our bounds. The results are recorded in Table 3 . We see that our bounds are better than Pritsker's ones for this set of totally positive algebraic integers. where P 1 = x 2 − 4x + 2, P 2 = x 3 − 8x 2 + 6x − 1, P 3 = x 4 − 7x 3 + 13x 2 − 7x + 1, P 4 = x 4 − 8x 3 + 14x 2 − 7x + 1, P 5 = x 5 − 11x 4 + 29x 3 − 26x 2 + 9x − 1, P 6 = x 5 − 13x 4 + 32x 3 − 27x 2 + 9x − 1, P 7 = x 5 − 12x 4 + 31x 3 − 27x 2 + 9x − 1, P 8 = x 7 − 16x 6 + 75x 5 − 148x 4 + 137x 3 − 62x 2 + 13x − 1, P 9 = x 7 − 16x 6 + 75x 5 − 148x 4 + 137x 3 − 62x 2 + 13x − 1, P 10 = x 7 − 18x 6 + 89x 5 − 172x 4 + 150x 3 − 64x 2 + 13x − 1, P 11 = x 7 − 14x 6 + 66x 5 − 136x 4 + 131x 3 − 61x 2 + 13x − 1, P 12 = x 7 − 17x 6 + 90x 5 − 201x 4 + 214x 3 − 115x 2 + 30x − 3, P 13 = x 7 − 16x 6 + 78x 5 − 157x 4 + 143x 3 − 63x 2 + 13x − 1, P 14 = x 7 − 16x 6 + 80x 5 − 160x 4 + 144x 3 − 63x 2 + 13x − 1, P 15 = x 8 − 19x 7 + 121x 6 − 312x 5 + 386x 4 − 251x 3 + 87x 2 − 15x + 1, P 16 = x 8 − 21x 7 + 124x 6 − 309x 5 + 378x 4 − 246x 3 + 86x 2 − 15x + 1, P 17 = x 8 − 21x 7 + 130x 6 − 334x 5 + 407x 4 − 259x 3 + 88x 2 − 15x + 1, P 18 = x 8 − 21x 7 + 128x 6 − 321x 5 + 391x 4 − 252x 3 + 87x 2 − 15x + 1, P 19 = x 8 − 23x 7 + 139x 6 − 342x 5 + 409x 4 − 259x 3 + 88x 2 − 15x + 1, P 20 = x 10 − 24x 9 + 194x 8 − 743x 7 + 1526x 6 − 1798x 5 + 1265x 4 − 537x 3 + 134x 2 − 18x + 1, P 21 = x 12 − 26x 11 + 265x 10 − 1388x 9 + 4177x 8 − 7677x 7 + 8944x 6 − 6752x 5 + 3322x 4 − 1050x 3 +204x 2 − 22x + 1, P 22 = x 12 − 29x 11 + 309x 10 − 1629x 9 + 4833x 8 − 8678x 7 + 9852x 6 − 7250x 5 + 3483x 4 − 1078x 3 +206x 2 − 22x + 1.
